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 Summary 
This thesis proposes a new approach to the stochastic optimal control problem for a 
portfolio with transaction costs. The dynamic portfolio selection problem has attracted 
a lot of research interests, and stochastic control theory can be used to solve this 
optimization problem. Particularly, we consider the case where the objective is to 
maximize the utility of consumption, which depends on the control input to the 
system.  
The classical continuous-time problem of optimizing investment and 
consumption with proportional transaction cost rates for buying and selling assets 
involves continuous control for the consumption rate and singular optimal control 
theory for the linear transaction rates. These lead to a free boundary problem for a 
nonlinear partial differential equation.  
In this thesis, we study the optimal investment and consumption problem in 
closed loop form when the transaction cost function is quadratic. This problem is a 
non-singular optimal control problem and the controls are continuous in particular the 
transaction rate. The first advantage is that it leads to a closed form of the feedback 
controls. The second advantage is our quadratic transaction rate can take into account 
the ease at which we can trade the asset which is called the liquidity. Finally, we 
obtain local approximate optimal strategies in the form of Taylor expansion. 
Fortunately this Taylor expansion enables us to obtain the second important initial 
condition to integrate directly and numerically the HJB equation, which leads to 
computed strategies over a wider area. 
  vii 
When we have more than one risky asset in the portfolio, the problem 
becomes extremely complex. However by considering multiple uncorrelated risky 
assets and exponential utility with quadratic transactions costs over infinite time, we 
can obtain the separability of optimal transactions on each asset. Therefore, the initial 
multi-dimensional problem can be split into a set of one dimensional problems 
characterized by ordinary differential equations.  
This thesis is organized as follows. 
Chapter 1 introduces our problem in a stochastic optimal control form. It provides the 
motivations and contributions of the thesis. 
Chapter 2 gives some background to understand the problem and a literature survey of 
the previous cases such as the no-transactions, linear and multi-asset cases. 
Chapter 3 presents the derivation of optimal strategy for the power utility with 
quadratic transaction rate. We present numerical results that quantify the effect of 
quadratic transactions costs on the optimal investment-consumption policies. 
Chapter 4 concerns about the derivation of optimal strategy for the multi-asset case 
with exponential utility and quadratic transaction rate. We also present numerical 
results that quantify the effect of quadratic transactions costs on the optimal 
investment-consumption policies. 
Chapter 5 concludes the thesis and points out several future research directions. 
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Chapter 1  
Introduction 
1.1 Stochastic Optimal Control 
 
In a Stochastic Optimal Control problem, the dynamic system is affected by random 
perturbations and can be controlled in order to optimize a certain performance 
criterion. The main problem is then to maximize (or minimize) this criterion. The 
stochastic structure of the problem and dynamic programming approach lead to a 
partial differential equation in the optimal value function called the Hamilton-Jacobi-
Bellman (HJB) equation. By solving the Hamilton-Jacobi-Bellman equation,  an 
optimal feedback policy can be obtained which is challenging to solve at most of the 
time. In the following, we introduce some elements of the stochastic control problem.  
 
State process Z(t): In our case the dynamic system is described by the evolution of  
money in the bond, and the assets state process which are called the state process. 
Moreover, the dynamics of the system may be influenced by random perturbations 
and controlled by the inputs. In particularly, the perturbations come from the stock 
price which follows a Brownian motion. 
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Z
Control Process u(t,Z): in our case the control process are the transaction rate and the 
consumption rate. We have to express the admissible set in which the control process 
can take value. The admissible control is defined as the control process which satisfies 
additional constraints like state constraints where the control process only can take 
value in a certain region. For our stochastic problem, we may require that the control 
process is adaptive to the state process, which means that the control process at time t 
only depends on the observed value of the state process from time t=0 to time t. 
 
Objective function J: In our problem the objective function includes the discounted 
expected utility of consumption that we wish to maximize over all admissible 
controls. 
The optimal value function is denoted by 





It is the maximum of  over all admissible feedback controls, and  
depends on the transaction rate and consumption in our case.  
( , )J u Z ( , )J u Z
 
 
1.2 Thesis motivation and contributions 
 
The dynamic portfolio selection problem has attracted a lot of research interests, and 
the control theory can be used to solve this optimization problem. When the asset 
price in the markets behaves as a stochastic process, the optimal consumption and 
  3 
portfolio rules with one bond and one stock was investigated by Merton [2], [7], [8]. 
The optimal continuous time consumption and portfolio rules are derived from the 
Hamilton-Jacobi-Bellman (HJB) equation in infinite horizon. 
The classical continuous-time problem of optimizing investment and consumption 
with proportional transaction cost rates for buying and selling assets [4], involves 
continuous control for the consumption rate and singular optimal control theory for 
the linear transaction rates [5], [9]. These lead to a free boundary problem for a 
nonlinear partial differential equation. The rates of transaction are part of the input 
control and appear linearly in the leading stochastic dynamical equations. Due to 
these linear drifts, the maximization problem of the Hamilton–Jacobi–Bellman (HJB) 
becomes linear in the transaction rates. Moreover, by solving the Bellman equation 
with a linear transaction rate it is impossible to obtain simple feedback policies for the 
transaction rates in terms of the derivatives of the value function. The optimal 
transaction rates are bang–bang, and the resulting (HJB) equation leads to a system of 
partial differential inequalities [5], which is very involved to solve. When we have 
more than one risky asset in the portfolio, the problem becomes extremely complex 
[5], and there is, to the best knowledge of the authors, no formulation on dynamic 
portfolio selection problems in closed loop form available when the rate of transaction 
is quadratic. 
This thesis proposes a new approach to the stochastic optimal problem for a 
portfolio with transaction costs. We will solve the consumer’s utility maximization 
problem in infinite horizon with quadratic transactions cost using stochastic optimal 
control theory. This problem is a non-singular optimal control problem and the 
controls are continuous in particular the transaction rate. The first advantage is that it 
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leads to explicit relations between the feedback controls and the derivatives of the 
value function. The second advantage is our quadratic transaction rate can take 
account of, the ease at which we can trade the asset which is called the liquidity. 
Intuitively, a large amount of asset can only be traded in short time through a large 
price discount, leading to a large wealth loss. 
By using dynamic programming, this problem is then equivalent to finding a 
solution to the Hamilton-Jacobi-Bellman equation in the form of a nonlinear partial 
differential equation of second order. To solve this intricate equation, a natural change 
of variable and the  Taylor expansion around the Merton proportion will be utilizded. 
This technique will lead to some conditions by rearranging  in term of same order and 
making  the coefficient of each power separately equal to zero, such that  the equation 
is satisfied locally. Finally a local near optimal strategy is obtained in the form of 
Taylor expansion. In contrast to Janecek and Shreve [15], we do not assume any form 
on the Taylor expansion.  Moreover, this Taylor expansion enables us to obtain the 
second precious initial condition to integrate directly numerically the HJB equation 
over a wider area. Both the more plausible power utility case with one bond and one 
asset and the multi-asset case with exponential utility will be treated in this thesis. 
Some simulations results will be provided to describe the impact of transaction 
cost, the impact of volatility, the risk aversion of the investor, and the change in the 
expected return of the stock. The optimal transaction rate, value function, and 
consumption rate will be computed for our problem. We also quantify our 
approximations and compare the local and global solutions. 
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1.3 Outline of the thesis 
 
This thesis is organized as follows. 
Chapter 1 introduces our problem in a stochastic optimal control form. It points 
out the motivations and contributions of the thesis 
Chapter 2 provides some background to understand the problem and a literature 
survey on the previous case like the no-transactions, linear and multi-asset case. 
Chapter 3 presents the derivation of optimal strategy for the power utility with 
quadratic transaction rate. Numerical results are presented to quantify the effect of 
quadratic transactions costs on the optimal investment-consumption policies. The 
optimal transaction rate, value function, and consumption rate are computed for our 
problem. We also quantify our approximations and compare the local and global 
solutions. 
Chapter 4 concerns about the derivation of optimal strategy for the multi-asset 
case with exponential utility with quadratic transaction rate. We also present 
numerical results that quantify the effect of quadratic transactions costs on the optimal 
investment-consumption policies. We will compute the optimal transaction rate, value 
function, and consumption rate for our problem. We also quantify our approximations 
and compare the local and global solutions. 
Chapter 5 concludes the thesis and points out several future research directions. 
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Chapter 2 
Background and Literature 
Survey  
 
2.1 Stock price evolution 
 
A continuous-time model with continuous variable proves to be useful to describe the 
evolution of the price of a stock. A Markov process is a process where only the 
present information and not the past, is relevant for forecast the future price. A 
particular form of Markov process is a Wiener process dz which describes the 
evolution of a normally distributed variable. In particular the stock evolution price 
([10], chap. 10) is generally expressed in terms of Ito process, 
 where the drift, A and the variance ( , ) ( , )dy A y t dt B y t dz= + 2B  are functions of time 
t and the variable y.  
 
Evolution price of one Stock or asset: (or standard Black-Scholes model) 
dS dt dz
S
µ σ= +  
  7 
µ : expected rate of return per unit of time of the stock price S. 
σ : volatility of the stock price (or Standard deviation). 
 
A Wiener process z (or Brownian motion) has two basic properties: 
1.  z tε∆ = ∆   
with ε  a random variable with standard normal distribution, ~ (0,1)ε φ . 













And the second property implies that the wiener process follows a Markov process. 
2.2 Utility function 
 
Our optimal problem is to find how much we want to consume, to invest and save the 
wealth of the investor. We have to employ some mathematical tools to help us to 
make our optimal choice. 
By studying the “St. Petersburg paradox” in which an amount of was given with 




 for , Bernoulli [11] introduced the necessity to use a 
decreasing marginal utility and the expected utility. The utility function is a mean of 
1..i = n
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representing an ordering preference by assigning a number to every consumption 
choice and the marginal utility is a measure of the change in utility of the 
consumption in our case. Those theories were later formalized by Neumann and 
Morgenstern [19]. Using the utility function, a subjective preference may be 
computed between different trading strategies.  
A useful property is that the utility functions differ in the level of risk aversion 
which is the level of the individual’s attitude toward risk ([17], Lecture 2).  
 
2.3  Risk Aversion 
 
Risk aversion occurs when an investor is willing to accept a lower expected payoff if 
it means they can have a higher predictable outcome. In that case he wants to avoid 
the risk and prefers the certain income: the investor is called risk-averse. Utility are 
concave ([20], p93) and the concavity of the utility implies when we increase the 
consumption,   the utility increases also but at a diminishing rate . That’s 
why the investor makes a smoothing consumption: the strategy is to reduce the 
consumption in order to save for the future. 
"( ) 0u C <
The degree of risk aversion can be measured by the absolute and relative risk 
aversion introduced by Arrow [17] and Pratt [18]. The risk aversion measure is 
normalized by the first derivative to make it invariant to linear transformation as the 
utility function is defined up to positive linear transformation. A smaller risk aversion 
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will lead to invest more in the stock, whereas a larger risk aversion will imply to 
invest more in the bond. 
 






which is independent of choice of unit of consumption. It is also equal to the inverse 
of the intertemporal elasticity of substitution (the willingness to exchange 
consumption in one period to another one ([28], chapter 2)). If the relative risk 
aversion increases the proportion of money in the risky asset increase [7] and also the 
investor will be more willing to allow its consumption to vary over time [28]. This 
utility is more commonly employed than the CARA but it is sometimes more difficult 
to work with. 
In the particular case where the relative risk aversion R is constant, the utility function 
U(C), is a constant relative risk aversion function (CRRA). 
For instance we have the power utility (CRRA) of consumption 
( ) cU c
γ
γ= , with 1γ <  
And R(C) =1-γ , therefore when γ decrease from one, the investor is more risk averse. 
We can also see its absolute risk aversion ( )1( )A C
C
γ−= . If γ is closed to zero, the 
utility is almost linear and the investor will accept larger variation in consumption 
[28].   
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which measure the insistence of the investor on small bets [20]. An increase in the 
absolute risk aversion will lead to an increase in the amount of money in the risky 
asset [7]. In the particular case where the absolute risk aversion A(C) is constant, the 
utility function U(C), is a the constant absolute risk aversion function (CARA) 
For instance we get the exponential utility (CARA) of consumption 
( ) CU C e γ−= − with 0γ >  
And ( )A C γ= , therefore when γ increases the investor is more risk averse. 
This type of utility function can simplify the solution of the problem. But one of the 
drawbacks of this utility is that its absolute risk aversion is R(C) = Cγ , depends on the 
consumption and this utility can lead to some improbable strategies compared to 
CRRA function.  
 
2.4 Objective function 
 
Instead of maximizing the total money spent on consumption which is , 
we maximize the value function defined by 
0





( (0), ) [ ( ( )) ]tZJ Z u E e U C t dt
β
+∞
−= ∫  
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where 0β > is the instantaneous discount factor (or interest rate for discounting) and 
te β− is the discount factor at time t and U(C) a certain utility function of the 
consumption. We introduce this classical discount factor to make the integral 
convergent and also because of the inflation: the current value of the money at time 0 
worth less than the future value of money at time t. 
The objective is to find the control input process u= (g, C), which can maximize 
the utility of consumption with an infinite time horizon. Thus, we define the optimal 
value function 
 
              
, ,
0
( (0)) max (Z(0),u)  max( [ ( ( )) ), 0
i i
t
u C g u C g




= = ∫ > (2-1) 
 
2.5 Dynamic Programming Principle 
 
The Bellman’s optimality principle ([1], p83), and also called dynamic programming 
principle, is a fundamental principle in control theory. 
 
Principle of optimality ([1], p83): An optimal policy has the property that whatever 
the initial state and initial decision are, the remaining decisions must constitute an 
optimal policy with regard to the state resulting from the first decision. 
 
The Bellman’s optimality principle means that if one has followed an optimal control 
decision until some arbitrary observation time, for example t+h, then, given this 
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+
information, it remains optimal to use it after t+h. we can formulate mathematically 
the dynamic programming principle in our context as follows: 









= ≥ == + +∫  
Using this dynamic programming principle, the corresponding Hamilton-Jacobi-




( ( )) 1 ( ( ))( ( )) sup ) ( ( ), ( )) 0
2u U




⎧ ⎫∂ ∂− + + +⎨ ⎬∂ ∂⎩ ⎭
= . 
 
2.6 Literature survey 
 
2.6.1 No transaction cost 
 
We usually call it the “Merton approach”, when the optimal investment and 
consumption problem is solved by stochastic control approach. Because it was 
introduced by Merton [2], [7], in the case of no-transaction cost by applying standard 
stochastic control theory to this financial optimization problem for particular utility 
function such that the Hamilton-Jacobi-Bellman equation (HJB) can be explicitly 
solved. In the probable case of power utility (CRRA), Merton [7] found that the 
optimal policy is to maintain a constant proportion of wealth invest in the stock, 
called the Merton proportion,  and consumes at the rate C which is proportional to 
the current wealth W. Contrary to the CRRA case, Merton found with the particular 
mz
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exponential utility (CARA) that the optimal policy [7] is to keep constant the total 
money invests in each asset. Therefore when the investors get richer, the proportion of 
his total wealth invests in each asset decreases. The optimal trading strategy is to keep 
the process on the Merton line with infinite variation on every finite time interval. In 
addition, at every time instant, the investor has to rebalance his bond and stock 
holdings. This unrealistic continuous trading will lead to a bankruptcy because this 
strategy does not take the transaction cost into account. The no-transaction cost 
problem can give some intuitive hints to solve more complex problems including for 
instance the transaction costs. The interested reader is referred to Chang [26] who 
presents clearly and exhaustively in his book some useful techniques to solve the 
investment-consumption problem using stochastic optimal control. 
 
2.6.2  Linear transaction cost with one bond and one asset  
 
By referring to the Merton solution, Magill and Constantinides ([21], p246) observed 
that, “by combining the assumption that trading opportunities are available 
continuously with the assumption that the trading opportunities are available 
costlessly the investor is led to a quite unrealistic type of portfolio behavior’’. So in 
case of transaction costs, the investor will be ruined quickly because of the transaction 
costs. This observation leads them to consider the first model in continuous time that 
incorporated transaction costs which is linear. Followed by Davis and Norman [5] by 
applying dynamic programming, they provided an algorithm and numerical 
computations of the optimal trading strategies of a local time type. Hence, contrary to 
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Merton, their strategies are not of infinite variation. However, this strategy still 
consists of making infinitesimally small transaction which is not the case in reality. 
They demonstrated that the optimal policy is to consume at a constant rate as long as 
the process (X(t);Y(t)) is inside the wedge, called the No Trade (NT) region. If the 
(X(t);Y(t)) is initially outside NT, the shareholder have to instantaneously sell or buy 
stock in order to shift to the boundary of NT. Later Shreve and Soner [22] studied the 
same problem by applying the theory of viscosity solutions to the Hamilton-Jacobi-
Bellman equations. 
More recently Janecek and Shreve [15] studied the same problem with one bond 
and one stock with linear transaction cost over infinite time and power utility 
function. They are the first to obtain a formal power series expansion with both 
heuristic and rigorous derivations. They derived an asymptotic expansion of the value 
function by assuming it is in power of 
1
3λ and obtained asymptotic solution for the 
boundary of the region of no transaction.  
Cadenillas [23] presents an excellent survey and open problems on the same 
optimal investment and consumption problem with different transaction costs 
including linear, fixed cost but also taxes. The interested reader is referred to Korn [9] 
who presents also clearly and exhaustively in his book the main techniques to solve 
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2.6.3 Multi-asset portfolio 
 
Merton [2], [7], studied the multi-asset case with no transaction costs for the power 
and exponential utilities. When we want to add transaction costs to the multi-asset 
problem, it becomes more challenging to solve. That  explains why the literature on 
the multi-asset case with transaction costs is limited and recent. Akian, Menaldi, and 
Sulem [24] were among the first to study the uncorrelated multi-asset case with linear 
transaction costs to maximize the power utility of consumption. The corresponding 
HJB obtained is in the form of a variational inequality that they solved by using 
numerical technique as multigrid methods but without proving convergence. Leland 
[25] studied also the multi-asset problem with linear transaction cost and capital gains 
taxes.  But his objective was to minimize the discounted sum of tracking error costs 
and trading costs. Later, Liu [12] studied the multi-asset case with proportional and 
fixed cost in order to maximize the exponential utility. With this CARA utility, he 
obtained the separability of optimal strategies on each asset. Therefore, the problem 
initially a multi-dimensional one can be split into a set of one dimensional problems 
characterized by ordinary differential equations (ODEs). 
More recently, Muthuraman and Kumar [14] computed the different regions of no-
trade, selling, and buying assets for the case of power and log utility. They used 
numerical techniques like finite element method and iterative procedures to convert 
the free-boundary problem into a sequence of fixed boundary problems and provided 
simulation results that describe the different parameters. 
 
  16 
Chapter 3 




In this chapter we will solve the consumer’s utility maximization problem in infinite 
horizon with quadratic transactions cost using stochastic optimal control theory for 
the power utility. By using dynamic programming, this problem is then equivalent to 
finding a solution to the Hamilton-Jacobi-Bellman equation in the form of a nonlinear 
partial differential equation of second order. To solve this intricate equation we will 
use a natural change of variable and a Taylor expansion around the Merton proportion 
corresponding to the optimal proportion in the case of no-transaction cost function. 
Contrary to Janecek and Shreve [15] we do not assume any form on the Taylor 
expansion. These will lead us to some conditions, by omitting term higher than the 
order 2, we rearrange in term of same order and make the coefficient of each power 
separately equal to zero, in order that the equation is satisfied locally. In particular we 
will have to solve a cubic equation that can be simplified into a second order equation. 
Finally we obtain a local approximate optimal strategy in the form of Taylor 
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expansion. Moreover this Taylor expansion enables us to obtain a second important 
initial condition to integrate directly numerically the HJB equation over a wider area. 
 Some simulations results are provided to describe the impact of transaction cost, 
the impact of volatility, the risk aversion of the investor, the change in the expected 
return of the stock. The optimal transaction rate, value function, and consumption rate 
are also computed for our problem. We also quantify our approximations and 
compare the local and global solutions. 
This chapter is organized as follows.  
In Section 3.2, the  investment-consumption model is formulated as a stochastic 
optimal control problem. In Section 3.3 the previous case of no-transaction cost is 
revisited. In Section 3.4, assuming the existence and smoothness of the optimal 
policies, the optimal policies are derived locally by a Taylor expansion and globally 
by integration of the HJB. In Section 3.5, numerical results are presented to quantify 
the effects of quadratic transactions costs on the optimal investment-consumption 
policies. We conclude with Section 3.6. 
 
3.2 Investment and consumption model 
3.2.1  State process and control process 
 
 The optimal investment and consumption problem on an infinite horizon is 
studied with the stock price S following geometric Brownian stochastic motion [10] 
  18 
with a expected rate of return µ >0 per unit time, a volatility 0σ > of the stock price, 
and a wiener process ,  dz
dS dt dz
S
µ σ= +  (3-1) 
 
and the bond price B following a deterministic process paying a risk-free rate of return 




=  (3-2) 
 
It is assumed that the rate of return of the bond is less than that of the stock, i.e., r 
<µ . The agent can invest either in the bond or in the stock, and he aims at 
maximizing his utility of consumption over an infinite time. It is further assumed that 
the utility function is in the form of power form. 
Let x be the total amount of money invested in the bond,  be the total amount of 
money invested in the stock, C be the consumption rate per unit time, and g be the 
algebraic relative transfer rate of money from bond to stock per unit time and per 




2( )xdx dB Cdt g g xdt
B
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ydy dS gxdt
S
= +  (3-4) 
 
where x/B represents the number of shares of the bond, represents the number of 
the stock, and 
/y S
2( )f g gλ=  is the relative quadratic transaction cost by unit of time of 
the stock and per amount of money in the stock, x, with transaction cost rate 
constantλ . 
Substituting the evolution price of the stock (3-1)  and bond (3-2) into the above 
equation, we can rewrite the above equations as 
 
2( )dx xr C g g x
dt




( )dy y gx dt ydzµ σ= + +  (3-6) 
 
 In the following we will consider the state variable is Z=(x,y) with the initial 
condition Z(0)=(x(0),y(0)) and the control process in the form of a feedback control is 
u=(g(x,y), C(x,y)), where g(x,y) and C(x,y) are the transfer rate and consumption rate, 
respectively. 
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3.2.2  Objective function 
 
Utility function was first introduced by Bernoulli [11]; it is a mathematical 
correspondence from the consumption choices to real numbers and determines the 
preference relation between every consumption choices. We will use the utility 
function U(C) to build a subjective preference relation between different trading 
strategies. Utility functions differ in the level of risk aversion which is the level of the 
individual’s attitude toward risk ([17], Lecture 2) and [18]. Risk aversion occurs when 
an investor is willing to accept a low expected payoff if it means they can have a high 
predictable outcome, in that case he wants to avoid the risk: the investor is called risk-
averse. Therefore we use a classical concave utility and take his average because the 
outcome is random to obtain finally the expected utility.  




γ  with 0 1γ< <   
 
From the definition of U(C), we know the second derivative U”(C) <0. Thus, U(C) is 
a concave function. 
Finally instead of maximizing the total money spent on consumption which 
is , we maximize the value function defined by 
0
( )Ctotal C t dt
+∞
= ∫
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(0)
0
( (0), ) [ ( ( )) ]tZJ Z u E e U C t dt
β
+∞
−= ∫ where 0β > is the instantaneous discount factor (or 
interest rate for discounting) and te β− is the discount factor at time t. We introduce this 
classical discount factor to make the integral convergent and also because of the 
inflation: the current value of the money at time 0 worth less than the future value of 
money at time t. 
Our control problem and objective is to find the control input process u= (g, C), 
which can maximize the utility of consumption with an infinite time horizon. Thus, 
we define the optimal value function 
 
             
, ,
0
( (0)) max (Z(0),u)  max ( [ ( ) ),1 0t
u C g u C g






= = ∫ > >   
 
 
3.2.3 Admissible Control Process 
 
Throughout this section, it is assumed that we are trading continuously, and the total 
wealth W=x+y is not allowed to be negative. Otherwise the investor can increase his 
utility indefinitely by consuming some large amount of money. This will certainly 
leads to negative total wealth or bankruptcy.   
The control process is adaptive to the state process, which means that the control 
process at time t only depends on the observed value of the state process from time 
t=0 to time t. The control process is also subject to some constraints: 
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 -the consumption rate is non-negative for anytime, i.e. 
C (t) ≥ 0, ∀t ≥ 0. 
Now the optimization problem is how to transfer money between the bond and 
stock and how to consume in order to maximize the agent’s utility of consumption 
over an infinite time. 
 
3.3 No Transaction cost: 
 
In order to explain our derivation we present the main results and steps in the no-
transaction case solved by Merton [7] for the power utility. 
In the case of no transaction cost function, 2( )f g gλ= =0, the dynamics of the system 
can be determinate by the wealth equation 
 
( )( )dW r r z c Wdt zWdzµ σ= + − − +  
With the proportion of amount of wealth in stock yz
x y
= + and the consumption rate 
C=cW.  
The corresponding HJB equation is 
 












 The optimal value function may be obtained in the form of  











1 2 (1 )
r
K r
γµβ γγ σ γ
−⎡ ⎤⎛ ⎞⎧ ⎫−⎪ ⎪⎢ ⎜ ⎟= − +⎨ ⎬⎜ ⎟− −⎢ ⎥⎪ ⎪⎩ ⎭⎝ ⎠⎣ ⎦
⎥  (3-8) 
 
and optimal wealth process 
 
W x y= +   
 
The optimal strategy is to make continuous trading to keep constant amount of money 




−= −  (3-9) 
 
This unrealistic continuous trading will lead to a bankruptcy because this strategy 
does not take the transaction cost into account [21]. With the power utility (CRRA) 
the optimal proportion of total wealth invests in each asset is constant, Merton, [7]. 
Moreover, he will consume proportionally to his total wealth W, Merton, [7] : 
 




1 2 (1 )
r
C cW K W r Wγ
µβ γγ σ γ




3.4 Optimum investment and consumption with 
quadratic transaction costs 
 
 We will derive the optimal transfer rate and the optimal consumption rate in this 
section for the quadratic transaction function case. 
 
3.4.1 Hamilton-Jacobi- Bellman equation 
 
The Bellman’s optimality principle [1], or also called dynamic programming 
principle, is a fundamental principle in control theory. Principle of optimality [1, p. 
83] points out that “an optimal policy has the property that whatever the initial state 
and initial decision are, the remaining decisions must constitute an optimal policy 
with regard to the state resulting from the first decision.” This principle implies that if 
we follow an optimal control decision until a time, for example t+h, it will remain 
optimal to use this control after t + h.  
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For t ≥ 0 and h ≥ 0, we take an arbitrary control process u over time [t, t + h). We 
suppose that there exists an optimal control process  over time [t + h, ∞). In this 
case, the control low u* over time [t, ∞) is 
uˆ
( , ),( , ) [ , ] ,
* ( , )
ˆ( , ),( , ) ( , ] ,
n
n
u s y s y t t h R arbitrary
u s y
u s y s y t h R optimal
⎧ ∈ + ×= ⎨ ∈ + +∞ ×⎩
 
We can formulate the dynamic programming principle to solve our optimal 




( , ( )) sup ( , ( ), )






V t Z t J t Z t u





= + +∫ +
 (3-11) 
 
It is assumed that the optimal value function V is continuously differentiable in 
order to apply the Itô’s formula [10] to V(t,z(t)) from t to t+h. We use this dynamic 
programming principle [1], [6] and tend h to zero in (3-11) in order to obtain the 








1max{( ( ) )
2
( ( )) } 0
g c
V VV y g x y
y y





∂ ∂− + + +∂ ∂
∂+ − − + + =∂
 (3-12) 
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3.4.2 Candidate optimal solution 
 
 Now we have to find the optimal control process which can maximize the value 
function V and suppose V exists over all the admissible control process c, g. 
 In order to evaluate the maximum in the Bellman equation (3-12), we take the 
partial derivatives of the terms inside this maximum with respect to the rate of 
transaction g and the rate of consumption c, respectively, and set the partial 








y xg x y V
x
λ









γ −∂⎛ ⎞= ⎜ ⎟∂⎝ ⎠  
(3-14) 









x yV V V VV y xr y xVy x y x
x
γ
γγβ σ µ γ λ
−
⎛ ⎞∂ ∂−⎜ ⎟∂ ∂∂ ∂ ∂ − ∂ ⎝ ⎠− + + + + + =∂∂ ∂ ∂ ∂
∂
0  (3-15) 
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The term in the middle correspond to the consumption and the last term to the 
transaction cost. 
By introducing a quadratic rate of transaction we do not have a free boundary problem 
as for the classical linear rate of transaction case [5]. Our study of the portfolio 
problem with quadratic rate of transaction leads to a non-singular stochastic optimal 
control problem in the sense that the solving of the Bellman equation leads to explicit 
relations between the controls g, c and the derivatives of the value function ,V V
x y
∂ ∂
∂ ∂ .  
 However it seems impossible to obtain an analytical solution for our nonlinear 
second order partial differential equation (3-15). 
 
3.4.3 Simplification of the HJB equation 
 
In order to solve the HJB equation, we conjuncture that the form of the value function 
is like in the linear case (3-7) 
 
( ) k(z) k(z)( , ) =WV x y x y γ γγ γ= +  (3-16) 
 
With the real function  :k ℜ→ℜ
We can derive the partial derivatives of V 
 








( , ) ( )[ ( ) ]
( , ) ( )[ ( ) (1 ) ]
( , ) ( ) ( )[( 1) 2( 1)(1 ) (1 ) ]
V x y zk zW k z
x
V x y k zW k z z
y














∂ = + −∂
∂ = − + − − + −∂
 (3-17) 
 
 Then we can obtain the simplified HJB by substituting the value function (3-16) and 






2 2 2 " 1
'
1{ [(1 ) (1 ) ( ) ] ( ) (1 ) (1 )( ) ( )
2
(1 ) ( )1 ( )(1 ) ( )} (1 )( ) 0
2 4 ( )
m mK z z k z z z z





γ σ γ γ γ σ
σ γ γ λ γ
−
−
− − + − − − − − −




The term in the middle correspond to the consumption and the last term to the 
transaction cost. We can notice that to integrate this nonlinear ODE of second order 
we need two initial conditions. 
 










k zk zλ γ= − )  (3-19) 
 
And the corresponding optimal consumption rate is obtained from (3-14) 
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1'
1( )( , ) ( )k zC z W k z Wγγ
−= −  (3-20) 
 
We can get one initial condition by supposing that the transaction rate (3-19) is equal 
to zero  
 
'( ) 0mk z =  (3-21) 
 




−= −  (3-22) 
 
In the next section we will try to derive solutions in the form of Taylor expansion. 
 
3.4.4 Taylor expansion 
 
To solve the ODE (3-18) corresponding, we may use the Taylor expansion at the 
order 2, in the form of 
 
2 22
0 1( ) ( ) ( ) (( )2m m
ak s a a z z z z O z z= + − + − + − )m  (3-23) 
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Because the transaction rate should be equal to zero on the Merton proportion, we can 
deduce from that the initial condition (3-21) that =0. 1k
By introducing the variable mz zε = −  , the change of variable  
 
( )




z z z z O
ε ε
2ε ε ε ε
= + +
= + = + + +   
 
It gives us for the first term in bracket (3-18) by omitting term higher than the order 2 
 







1( 1) (1 ) (1 )(1 2 )
2
{( 1) ( 1) (1 )
2
1 (1 6 6 ) ( 1) }
2 2
m m m m m
m m
m m
K a z z a z z z a
aK z z a





σσ γ γ ε
−
−
⎧ ⎫⎪ ⎪= − + − + − −⎨ ⎬⎪ ⎪⎩ ⎭
− + − −




The term in the middle (3-18) corresponding to the consumption becomes 
 
1 2 2
21 1 2 2
0 2 0 02
0 0
(1 ) (1 )
2 2 (1 )
m
m
a z aa z a a a
a a
γ γ
γ γ γγ 1γ ε εγ γ
− − ⎡ ⎤− + + − +⎢ −⎣ ⎦
−⎥  (3-25) 











−  (3-26) 
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By omitting term higher than the order 2 in (3-18), we rearrange in term of same order 
and make the coefficient of each power of ε  separately equal to zero, in order the 
equation is satisfied for all values ofε .  
We regroup the terms of order zero and set it to be equal to zero: 
 
1
2 2 21 1
0 2
1( 1) (1 ) (1 )
2 m m
K a z z a a
γ
γ γγ σ γ− −0 0− + − + − =  (3-27) 
 













− −− −= = −
a  (3-28) 
Intuitively R should be negative and small for small transaction costs as the utility 
decreases on the Merton proportion with an increase of transaction cost. And when 




0K a=  (3-29) 
  
 is the value taken by  when there is no transaction cost function (3-8) on 
the Merton proportion. 
0( )mk z a=
 
We identify the term of first order in (3-18) equal to zero: 
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{ } 12 12 2 0(1 )(1 2 ) 0m m m mz z z a a z a γσ −− − + =  (3-30) 
 
Unfortunately we can not make the coefficient of first order exactly equal to zero but 




0 2(1 )(1 2 ) 0m m mz z a a z
γσ ε−⎛ ⎞− − + =⎜ ⎟⎜ ⎟⎝ ⎠
 (3-31) 
 
This condition can be approximately satisfied for small value each term and also 
closed value to the Merton proportion 0ε ≈ . 









1{( 1) ( 1) (1 ) (1 6 6 )
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(1 )( 1) } (1 )
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aK z z a z





γ γ σ σ
σ γγ γ γ γ λγ
−
−
− + − − + − +










This leads to the cubic equation by using R 
 
1
2 2 2 21
12 2 2 2
2 21
( 1) 2( 1) (1 ) (1 6 6 ) ( 1)
(1 ) (1 )(2 )
(1 ) 2(1 ) 2
m m m m
m m m m
K z z z z R
z z z zR R K R
γ
γ R
γ γ σ σ σ γ
σγ γ γ γ λγ
−
−
⎧ ⎫⎪ ⎪− + − − + − + + −⎨ ⎬⎪ ⎪⎩ ⎭





  33 
3.4.5 Cubic equation 
 
We can rewrite (3-33) as a cubic equations 
3 2 0R aR bR c+ + + =  (3-34) 
With 








(1 ) (1 ) 2 (1 )(1 )
2 (1 ) 2 (1 ) (1 )




m m m m
m m
m m m m
m m
m m
z z z za K
z z






γ σ γ γ
γ λγ γ γ σ




⎧ ⎫− − −⎪ ⎪= − − −⎨ ⎬− −⎪ ⎪⎩ ⎭




By the change of variable 
3
aQ R= +  (3-36) 
We get the equation 













Using Cardan’s formula (or Cardano), ([29], chap. 2 ) three solutions may be obtained 








2 2 3 2
1 3
2 2 3 2
aR u v
u v aR i u v
u v aR i u v
= + −
⎛ ⎞= − − − + −⎜ ⎟⎝ ⎠











⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟= − + +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ ⎟= − − +⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
 (3-40) 
Let’s introduce the discriminant 
3 24 27D p q= +  (3-41) 
 
Depending of the value of the discriminant D, we have three types of solution. 
 -If the discriminant D>0 we get one real solution and two complex conjugates. 
Therefore our solution is 1R . 
-If D=0 we get three solutions and at least two are equal. 
-If D<0 we get three and real different solutions. 
In the case 0D ≤  the three real solutions involve complex number with the previous 
formula, and we can also rewrite the real solutions in term of trigonometric functions 
([29], chap. 2) in the following. 
As  we can set down 0p ≤ 4 cos( )
3
pQ θ−=  
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Then the equation (3-39) becomes 3 3




θ θ θ −− = = −  
Finally the three real solutions of (3-34) become for 0,1,2k =  
 
4 2cos( )
3 3 3k 3
p k aR θ π−= + −  (3-42) 
 
 
Depending on the value of all the parameters we have chosen for our problem, we 
have to choose among the solution (3-39) or (3-42) the real negative solution, R. 
However in case of several negative solutions, we may have difficulty to choose the 
right one. 
 
3.4.6 Second order solutions  
 
It might be complex to solve this equation by the Cardan’s method as we can get three 
types of solution and we do not know how to choose the right one if we get more than 
one negative. 
We can see that the third order term in term of R comes from the consumption 
term (3-25). For small value of R, we can omit term higher than order two in R as R 
tends to zero asymptotically when the transaction costλ  converges to zero. 
Consequently we obtain this second order equation in term of R 
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⎛ ⎞⎛ ⎞⎜ − − ⎟⎜ ⎟= + − −⎜ ⎟⎜ ⎟− ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠







We suppose that the proportion of money in the stock  belongs to [0, 1]. mz
As we are working for small transaction cost constant, the term “a” will dominate, and 
to avoid a problem of discontinuity on the denominator we impose that a>0 which is 
fulfilled If aλ >0 for 
 











γλ λ σγ γ −




Otherwise if 0aλ ≤ , λ  is defined for any positive value. 
To get real solutions, we have to impose the condition 
 




λ∆  (3-48) 
such that the discriminant =0. ∆
If 0λ∆ >  this condition is satisfied for 
 
λ λ∆≤  (3-49) 
 
And if 0λ∆ ≤ , the condition is satisfied for any positiveλ . 
Finally we can set down 
If  0λ∆ ≤ , 2λ∆ = +∞  
If  0λ∆ > , 2λ λ∆ ∆=  
and 
If  0aλ ≤ , 2aλ = +∞  
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If  0aλ > , 2a aλ λ=  
Therefore the range of the transaction costλ is 
 
 2 2[0,min( , )]aλ λ∆  (3-50) 
 
 
 R should be negative for 2 intuitive reasons: 
- the transaction rate is given by 
2
Rg ελγ≈   at order one in ε  from (3-19). To 
maintain the position around the optimal proportion , we have to sell stock 
g<0 when we have too much stock
mz
0ε > and we have to buy stock g>0 when 
we have not enough stock 0ε < . This is possible if and only if R is negative. 
 
- the value function V should decrease in the presence transaction cost which is 
equivalent to the function k decrease, compared to the case of no transaction 
cost function at the optimal proportion . By looking at the form of the 
Taylor expansion at the zero order (3-28) this condition is satisfied if
mz










− − −= c  (3-51) 
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We can see that we need to keep the negative solution: in the case the transaction rate 







λσγ γ−≈ − ≈ − − <−  (3-52) 
 
3.4.7 Approximate solutions  
 
Depending on which method we use to derive R from the cubic solutions (3-39) or the 
second order equation (3-51) in the last two paragraphs, we can evaluate the others 
term. 
We evaluate the different optimal functions using the Taylor expansion in term of the 
proportion of amount of money in the stock z. 
The first order term in the Taylor expansion is 
 














And the Merton proportion corresponding to the optimal proportion in case of the no 
transaction cost function is 




−= −  (3-54) 
 
The second order term in the Taylor expansion is given by 
 
2 0a Ra=  (3-55) 
 











aa z z za z zλ γ




If we compare to the case of no transaction cost function, the term in and R 
correspond to the quadratic cost function. When we get no transaction cost and R 
are equal to zero and therefore  converge to K, corresponding to the constant when 




We have the approximate optimal consumption rate in term of z 
 
( ) 12 12 20( ( ) )2 m m
a zaC a z z z z Wγγ
−= + − − −  (3-57) 
 
And the approximate optimal value function in term of z 
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22
0( ( ) )2 m
a WV a z z
γ
γ= + −  (3-58) 
 
3.4.8 Computed solutions 
 
With the two initial conditions of the function k, 
0( )mk z a=  (3-59) 
 
' ( ) 0mk z =  (3-60) 
 
we can compute the solution k of our 2nd order nonlinear ODE (3-18) using any 
solver, for instance Matlab, to find the optimal strategy for a wider range a value 
ofε or equivalently to wider range of proportion in the stock z. In the following we 
will call computed solutions; the ones computed using a solver from the value 
function  
 
( , ) ( )WV z W k z
γ
γ=  (3-61) 
 
the transaction rate  
 









k zk zλ γ== − )  (3-62) 
 
the consumption rate   
 
1'
1( )( , ) ( )k zC z W k z Wγγ
−= −  (3-63) 
 
3.5 Simulation Results 
 
In this section, we provide some simulations results that describe the impact of 
transaction cost, the impact of volatility, the risk aversion of the investor, and the 
change in the expected return of the stock. We will compute the optimal transaction 
rate, value function, and consumption rate for our problem. We also quantify our 
approximations. 
For our simulation we will use the following default parameters as Davis and 
Norman [5] unless notified otherwise. 
 
0.1β =  time discount rate 
0.07r =  risk-free rate 
µ =0.12 expected return 
0.4σ =  volatility 
0.1γ =  risk aversion coefficient 
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With this value we may deduce the optimal proportion of wealth in the stock holding 
corresponding to the case of no transaction cost function 
0.34722mz =  
The following parameters can be calculated from (3-46) and (3-49)  
-25.4086aλ =  
-24.0428λ∆ =  
Therefore transaction cost constant is well define for (3-50) 
0 λ≤  
We will take 0.1λ =  for the transaction cost constant in the following. 
In the following, the approximate solutions concern the solution in Taylor 
expansion form found in section 3.4.7 and the computed ones concern the solution 
found by integration of the HJB given some initial conditions in section 3.4.8. The 
relative transaction rate is indicated by g, and the absolute transaction rate is indicated 
by gX which is equivalent at g(1-z) by unit of wealth W.  
   
For some transaction cost constant λ we can compute the corresponding 
second order coefficient and the initial condition  for the function k. Figure 3-1 
illustrates that the divergence from zero of the second order coefficient of the 
Taylor expansion when the transaction cost constant 
2a 0a
2a
λ  increases.. Conversely from 
Figure 3-1 we can see also that this coefficient will converge to zero when the 
transaction cost converges to zero. 
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Figure 3-1 Second order coefficient versus the transaction cost constant 2a λ  
 
The Figure 4-2 demonstrates that the coefficient of order zero   converges 
asymptotically to the case of no transaction cost function, which is equal to K= 7.7712 
for our parameters. Conversely we can explain the decrease of  when the 
transaction cost increases by the fact that the transaction cost leads to a decrease in the 
utility at the Merton proportion and therefore also a decrease in the corresponding 
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Figure 3-2 Coefficient versus the transaction cost constant0a λ  
From Figure 3-4 for small values of the transaction cost, we can satisfy our 
approximation (3-31) on the first order term as it asymptotically takes small values. 
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Figure 3-3 First order condition versus the transaction cost constantλ  
 
3.5.1 Analysis of the optimal transaction rate 
 
3.5.1.1 Change in the transaction cost constant 
 
In the presence of quadratic transaction cost it is no more optimal to invest a fixed 
proportion of money in stock as in the no-transaction cost function case ; we will 
study in this subsection the optimal transaction rate in the presence of quadratic 
transaction cost. 
mz
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z
We can derive from approximate formula (3-56), the transaction rate in the 








⎛ ⎞= −⎜ ⎟⎝ ⎠
z  (3-64) 
 
Figure 3-4 illustrates that the coefficient of the transaction rate is negative to maintain 
stable position around the Merton proportion. The coefficient of the transaction rate 
converges to zero when the transaction cost constantλ  increases because is it more 
costly to rebalance the holding between the bond and the stock. It is observed that for 
very small transaction cost constantsλ closed to zero, the coefficient of the transaction 
rate diverges because the transaction cost is negligible and therefore the optimal 
strategy is to rebalance as soon as possible to the optimal proportion . mz
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Figure 3-4 Approximate relative transaction rate coefficient versus the transaction 
cost constantλ . 
 
Figure 3-5 illustrates that the approximate formula for the transaction rate 
converges to the computed one for value of the holding in the stock y closer to the 
optimal Merton proportion for different transaction cost constantsλ . Moreover, they 
vary in the same way when we move away from the Merton proportion corresponding 
to a zero transaction rate. It is noticed that as the transaction increases, the computed 
curve diverges from the approximate one because the error on the condition (3-31) is 
higher Figure 3-3. 
Figure 3-5 illustrates that the transaction rate computed as a function of the 
holding in the stock for different transaction cost constantsλ . From Figure 3-5 we can 
notice that the transaction rate is sensitive to the transaction cost rate constant. The 
transaction costs decrease the optimal transaction rate globally as it is more costly to 
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rebalance the holding in the bond and stock. Therefore the investor prefers to make 
less transaction as the transaction cost increases. In the presence of linear cost this 
behavior was evaluated first by Constandinides [4] and Norman [5] and later by 
Janecek [15] using an asymptotic expansion. We can see that when we have too much 
holding in the stock compared to the optimal Merton proportion, the optimal strategy 
is to sell stock that explains negative value of the transaction rate. Inversely, when we 
have less holding in the stock compared to the optimal proportion we need to buy 
stock, which explains positive value of the transaction rate. 
 



























Figure 3-5 Comparison of the approximate formula and computed one of the relative 
transaction rate versus the holding in the Stock y for different transaction cost 
constantsλ . 
 
In Figure 3-6 we may observe the same effect of the transaction cost on the absolute 
transaction rate. 
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Figure 3-6 Comparison of the approximate formula and computed one of the absolute 
transaction rate versus the holding in the Stock z for different transaction cost 
constantsλ . 
3.5.1.2 Change in the Volatility 
 
Figure 3-7 illustrates a comparison of the approximate formula and computed one of 
the “absolute” transaction rate g(1-z) per unit of wealth W as a function of the 
proportion of money in the stock, z for different volatilityσ . We notice that both 
formulas vary in the same way as the optimal strategy obtained by Muthuraman [14] 
with linear transaction costs. Contrary to the intuition that the investors would 
decrease the transaction rate to save transaction cost [12], as the volatility increases, 
the optimal strategy is in fact to increase the transaction rate. Consequently the 
investors have to transact more. Moreover the Merton proportion  decreases as the 
volatility increases.  
mz
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Figure 3-7 Comparison of the approximate formula and computed one of the absolute 
transaction rate versus the holding in the Stock y for different volatility σ  
From Figure 3-8 we can notice that the relative transaction rate, g per unit of money 
in the bond X, is constant for different volatility for the approximate formula and 
computed one. 
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Figure 3-8 Comparison of the approximate formula and computed one of the relative 
transaction rate versus the holding in the Stock y for different volatility σ  
 
3.5.1.3 Changes in risk aversion 
 
Figure 3-9 illustrates that the approximate formula for the absolute transaction rate 
converges to the computed one for value of the holding in the stock y closer to the 
optimal Merton proportion for different absolute risk aversion coefficientsγ . 
Moreover, they vary in the same way when we move away from the Merton 
proportion .We should remind that for the power utility the relative risk aversion mz
1 γ−  increases when the coefficient γ increases. 
It is noticed that the Merton proportion, corresponding to a transaction rate 
equal to zero, decreases as the investors becomes more risk averse. The investor 
prefers to invest less money in the stock to avoid risk. Moreover the transaction rate 
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slope also increases as the relative risk aversion increases (orγ  decreases). The 
investor, who is more risk averse, prefers to rebalance the money to be closer the 
optimal proportion and therefore have to transact more. Muthuraman [14]  also 
reported similar behavior respectively in the presence of linear transaction costs and 
Liu with linear and fixed transaction cost [12]. 
 
























Figure 3-9 Comparison of the approximate formula and computed one of the absolute 




It is observed in Figure 3-10 that the relative transaction rate does not change for 
different value of γ . 
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Figure 3-10 Comparison of the approximate formula and computed one of the relative 
transaction rate versus the holding in the Stock y for different absolute risk aversion 
coefficientsγ . 
 
3.5.1.4 Change in the expected return of the stock: 
 
Figure 3-11 illustrates a comparison of the approximate formula and computed one of 
the relative transaction rate as a function of the holding in the stock for different 
expected returnsµ . As the expected return of the stock increases, the investor will 
invest more in the stock then the optimal Merton proportion corresponding to 
transaction rate equal to zero, increases.  
mz
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Figure 3-11 Comparison of the approximate formula and the computed one of the 
relative transaction rate versus the holding in the Stock y for different expected 
returnsµ . 
 
Figure 3-12 illustrates the absolute transaction rate as a function of the holding in the 
stock for different expected returnsµ  . We rescale the axis such that the optimal 
Merton proportion is at the origin for the different expected returnsmz µ  in order to 
make a comparison of their transaction rate. As the expected return of the stock 
increases, the optimal transaction rate decreases. And therefore the investor transacts 
less. This is in agreement with Liu [12] in the presence of fixed and linear transaction 
cost. 
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Figure 3-12 Comparison of the approximate formula and the computed one of the 
absolute transaction rate versus the holding in the Stock y for different expected 
returnsµ . 
 
3.5.2 Optimal Value Function 
 
As we define the optimal value function ( )( , ) k zV z W W γγ= we will consider in this 
paragraph the wealth is constant and study the effect of the coefficient ( )k zγ  
Figure 3-13 illustrates that with the increase in transaction cost rate constantλ , the 
optimal value function decreases as Constantinides [4] noticed.  The optimal value 
function looks like the one for the pseudo no transaction case WV K
γ
γ= . We called it 
the pseudo no-transaction cost because the optimal value function is only true on the 
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Merton proportion and we extend it to different proportions in stock z, by 
considering K to be a constant. We rescale the axis such that the optimal Merton 
proportion is at the origin for the different expected returns
mz
mz µ  in order to make a 
comparison of their transaction rate 
 





























Figure 3-13 Comparison of the approximate formula and the computed one of the 
Optimal value function versus the holding in the stock for different transaction cost 
rate constants. 
 
3.5.3  Optimal Consumption Rate 
 
As we define the optimal consumption rate as 
1'
1( )( , ) ( )k zC k W k z Wγγ
−= − , we will 
consider in this paragraph the wealth to be constant and study only the effect of the 
  58 
coefficient 
1'
1( )( k zk z )γγ
−−  in front of the wealth which is the consumption rate by 
unit of wealth. 
 
 Figure 3-14 compares the approximate formula and the computed one of the 
consumption rate as a function of the proportion of money in the stock z. We use the 
consumption rate for the pseudo no-transaction function case in order to use it as a 
reference for comparison with the quadratic transaction case. We called it the pseudo 
no-transaction cost because the optimal consumption rate 
1
1C K Wγ −=  is only true on 
the Merton proportion and we extend it to different proportion in stock z, by 
consider it constant equal to
mz
1
1K γ −  by unit of wealth. 
 
 Quadratic transaction costs affect the consumption rates by three main ways. 
 Figure 3-14 shows that optimal consumption rate globally increases with the 
increase of the transaction cost at the Merton Proportion. It is due to the fact that on 
the Merton proportion, the transaction cost will decrease K through the utility (3-7) 
and therefore will increase the consumption coefficient 
1
1K γ − . 
 Around this Merton proportion , we can notice that if we get too much stock, 
the consumption should decrease and if we get not enough stock we should consume 
more. 
mz
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 The increase in transaction cost increases also the slope of the change in 
consumption rate. From the Figure 3-14  we notice that the approximate consumption 
rate follows the computed one around the Merton proportion . mz
 


























Figure 3-14 Comparison of the approximate formula and the computed one of the 
optimal consumption rates versus holding in the stock for different transaction cost 
rate constants. 
 
3.5.4 Cubic solutions 
 
In this paragraph we will see that the cubic solution gives almost the same solutions 
for the as the second order solutions. It happens that for our parameters, the 
discriminant D (3-41) is negative for λ from 0.1 to 0.3, so we get three real solutions 
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in R. Fortunately among these three solutions, only one is negative and it happenes to 
be R2 the second one in (3-39) to be negative.  















Figure 3-15 Comparison of the cubic and second order equation of the value of R 
versus the transaction cost constantsλ  
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We can notice in the following figures that the cubic solution gives almost exactly the 
same optimal strategies for our problem. These justify the use of the second order 
equation instead of the cubic equation. 























Figure 3-16 Comparison of the cubic and second order equation of the relative 
transaction versus the proportion of wealth in the stock z for different transaction cost 
constants λ  
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Figure 3-17 Comparison of the cubic and second order equation of the relative 



























Figure 3-18 Comparison of the cubic and second order equation of the relative 
transaction versus the proportion of wealth in the stock z for different volatility 
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Figure 3-19 Comparison of the cubic and second order equation of the relative 
transaction versus the proportion of wealth in the stock z for different expected 
returns 
 




























Figure 3-20 Comparison of the cubic and second order equation of the consumption 
rate versus the proportion of wealth in the stock z for different transaction cost 
constants 
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Figure 3-21 Comparison of the cubic and second order equation of the optimal value 





In this chapter, we proposed a new approach to solve the optimal investment and 
consumption problem in feedback form with transaction costs using stochastic 
optimal control theory for the power utility. We introduced a quadratic transaction 
rate function, which takes account of the liquidity of the bond and stock on portfolio 
optimization, as well as enables us to derive continuous optimal feedback controls as 
a function of the derivatives of the value function from the Hamilton-Jacobi Bellman 
equation under simple assumptions. To solve this intricate HJB equation we used a 
Taylor expansion which led us to a local solution and some conditions that we could 
satisfy. In particular we had to solve a cubic equation that we could simplify into a 
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second order equation. Moreover this Taylor expansion enabled us to obtain a second 
important initial condition to integrate directly numerically the HJB equation over a 
wider area. Our simulations showed that the global optimal strategies converge to the 
local one around the Merton proportion and the approximations we made were 
suitable. We provided some simulations results that describe the impact of transaction 
cost, the impact of volatility, the risk aversion of the investor, the change in the 
expected return of the stock. 
We found some common similarities with the previous case of no transaction 
and linear transaction cost rate function, which can corroborate our approach. In 
particular the transaction costs decrease the transaction rate which is equivalent to 
broadening the no- transaction region. Compared with existing results we could obtain 
the optimal transaction rate, the consumption rate and take the impact of liquidity into 
account. 
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Chapter 4 





In this chapter we will extend the results obtained in the previous chapter to the multi-
asset case but with the exponentional utility. By using dynamic programming, this 
problem is then equivalent to finding a solution to the Hamilton-Jacobi-Bellman 
equation in the form of a multi-dimensional nonlinear partial differential equation of 
second order.  
More precisely, by considering multiple uncorrelated risky assets and 
exponential utility with quadratic transactions costs over infinite time, we can obtain 
the separability of optimal transactions on each asset and consumption. The initial 
multi-dimensional problem can be split into a set of one dimensional problems 
characterized by second order nonlinear ordinary differential equations. 
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To solve each intricate ODE equation, like the single CRRA case, we will use a 
Taylor expansion around the Merton proportion corresponding to the optimal 
proportion in the case of no-transaction cost function for the CARA case. 
This chapter is organized as follows.  
In Section 4.2, we describe our investment-consumption model which is 
formulated as a stochastic optimal control problem. In Section 4.3 we review the 
previous case of no-transaction cost and in Section 4.4 we review the case of linear 
transaction cost case. In Section 4.5, we assume that the optimal policies exists, the 
optimal value is smooth enough in order to derive our optimal policies locally by a 
Taylor expansion and globally by integration of the HJB. In Section 4.6, we present 
numerical results that quantify the effects of quadratic transactions costs on the 
optimal investment-consumption policies. We conclude with Section 4.7. 
 
4.2 Investment and consumption model 
4.2.1  State process and control process 
We called uncorrelated wiener process , a process such that the coefficient of 
correlation between each wiener process  is equal to zero, [16], for  
idz
idz , 1..i j n=
 
2 2
( , ) [ ] [ ] [ ]
( , )
( ) ( ) [ [ ]] [ [ ]
i j i j i j
i j
i j i i j j
Cov dz dz E dz dz E dz E dz
dz dz
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In this chapter, the optimal investment and consumption problem on an infinite 
horizon is studied, with the n different uncorrelated stock price  following 
uncorrelated geometric Brownian stochastic motion [10] with mean rate of return 
iS







µ σ= + i  (4-2) 
 
and the bond price B following a deterministic process paying a risk-free rate of return 




=  (4-3) 
 
It is assumed that the rate of return of the bond is less than that of the stock, i.e., r 
< iµ  for . We further assume that the utility function is in the form of 
exponential function. 
1..i = n
Let x be the total amount of money invested in the bond,  be the total amount of 
money invested in the  stock, C be the consumption rate per unit time, and  be 
the algebraic relative transfer rate of money from bond to stock i per unit of time and 
















= − − +∑  (4-4) 
 





ydy dS g xdt
S
= +  (4-5) 
 
where x/B represents the number of shares of the bond, represents the number of 
shares of the  stock , and 
/iy Si
thi 2( )i i i if g λ= g  is the quadratic transaction cost per unit of 

















= − − +∑  (4-6) 
 
and for  1..i n=
 
( ) ,i i i i i i idy y g x dt y dz i n1..µ σ= + + =  (4-7) 
 
 In the following we will consider the vector 1( ,..., )ny y y= .Our state variable is 
Z=(x,y) with the initial condition Z(0)=(x(0),y(0)) and the control process in the form 
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of a feedback control is u=(g(x,y), C(x,y)), where g(x,y) and C(x,y) are the transfer 
rate and consumption rate, respectively. 
 
4.2.2  Objective function 
 
In this part, our Constant Absolute Risk Aversion (CARA) exponential utility 
function is defined as 
 
U(C) = Ce γ−−  with (0 )γ<  (4-8) 
 
Our control problem and objective is to find the control input process u= (g, C), 
which can maximize the utility of consumption with an infinite time horizon. Thus, 
we define the optimal value function 
 
              
, ,
0
( (0)) max (Z(0),u)  max ( [ ( ) ), 0
i i
t c
u C g u C g




= = −∫ > (4-9) 
 
 
4.2.3 Admissible Control Process 
Like the CRRA case, it is assumed that we are trading continuously, the total wealth 
x+y is not allowed to be negative and the control process is adaptive to the state 
process. 
  71 
Now the optimization problem is how to transfer money between the bond and 
stock and how to consume in order to maximize the agent’s utility of consumption 
over an infinite time. 
 
4.3 No Transaction cost 
 
In order to explain our derivation we present the main results and steps in no-
transaction case solved by Merton [7] for multiple risky assets and exponential utility. 
In the case of no transaction cost function, =0, the dynamics of the 
system can be determined by the wealth equation 





i i i i i
i
dW rWdt r y dt y dz Cdtµ σ
=
= + − + −∑  
 
The corresponding HJB equation is 
 






i i i i
y C i i




⎧ ⎫∂ ∂− + − + + − − + =⎨ ⎬∂ ∂⎩ ⎭∑ ∑  
 
 We can find the optimal value function in the form 
 
1 r WV e
r
γ γα− −= −  (4-10) 
 













µ βα γσ γ=
− −= +∑  (4-11) 
 








= +∑  (4-12) 
 
The optimal strategy is to make continuous trading to keep constant amount of money 










−=  (4-13) 
 
This unrealistic continuous trading will lead to a bankruptcy because this strategy 
does not take the transaction cost into account [21]. 
With the power utility (CRRA) the optimal proportion of total wealth invests 
in each asset is constant, Merton, [7]. But with the exponential utility (CARA) the 
optimal policy is to keep constant the total money invests in each asset. So when the 
investors get richer, the proportion of his total wealth invests in each asset decreases. 
Therefore, he will invest in the risk-free asset (bond) and consume proportionally to 
his total wealth W, Merton, [7] 
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C rW α= +  (4-14) 
 
 
4.4 Linear Transaction cost 
 
In order to understand our derivation and make comparisons, we present the main step 
to solve the linear transaction case, solved by Liu [12] for multiple risky assets and 
exponential utility. 







dX )iXr C dI dDdt
α
=
= − − − −∑  (4-15) 
 
The dynamics of each asset is   
 
( ) ,i i i i i i i i idY Y g dt Y dz dI dD i nµ σ= + + + − =1..  (4-16) 
 
iD and correspond to the cumulative amount of sales and purchases of the 
stock. 0
idI
thi 1iα≤ <  represents the proportional transaction cost of the stock which 
is taken from the sell of the stock as this constant normalizes the selling and buying 
cost of stocks. 
thi
thi
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In the no-transaction region, the value function satisfies the corresponding HJB 









i i i iC y i i i
V V VV y y xr C e
y y x
γβ µ σ −
=
⎧ ⎫∂ ∂ ∂− + + + − − =⎨ ⎬∂ ∂ ∂⎩ ⎭∑  (4-17) 
 






∂= −  (4-18) 
 
By substituting the optimal consumption rate and supposing that the optimal value 









r x f r y
nV x y y er
γ γ
=
− −∑= −  (4-19) 
 




( )2'2 2 " ' 2 '
1




i i i i i i i i
i i
f
s f f s f rf r rσ µ γ βλ=
−− + − + + − =∑ 0  (4-20) 
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i
In the transaction region the variation in the optimal value function due to the 
variation of money in the bond must be equal to the one due to the variation of the 
money in the  stock, considering the transaction costs.  thi
Therefore we get differential equation in the region of selling stock i for  with 










α∂ ∂= −∂ ∂  (4-21) 
 
and the differential equation in the region of buying stock i, for  with the 









∂ ∂=∂ ∂  (4-22) 
 
Consequently we get respectively in the transaction region the form of the real 
function : :if ℜ→ℜ
For S Si i iz z r yγ> =  
 
( ) (1 )i i iS i if z A zα= + −  (4-23) 
 
And for B Bi i iz z r yγ< =  
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( )i i iB if z A z= +  (4-24) 
 
With  and , two constants to be determined. iBA iSA
The function if  are by continuity must therefore satisfy these six following 







( ) (1 )

















,f z A z
f z
f z













Let’s rewrite the ODE into a system of n ODE in the no-transaction region 
 
( )2'2 2 " 2 2 '2 ' 11 1 ( )( )
2 2 4
i
i i i i i i i i i i i
i
f rs f s f s f rf r d i n
n
βσ σ µ γλ
− −− + − + + − = =0, 1..  (4-26) 









The ODE system (4-26) and the boundary conditions (4-25) are separable in i is r yγ=  
and independent of the holding in the bond x, then the optimal transaction policy in 
each stock i, will depend only on the total money in the stock i and not on the total 
money from other stocks and the bond x. 
Let’s think about a variation of the ODE system (4-26) , for 1..i n=  
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( )2'2 2 " 2 2 ' 2 ' 11 1 ( )( )
2 2 4
i
i i i i i i i i i i i i
i
f rs f s f s f rf r d e
n
βσ σ µ γλ
− −− + − + + − − 0=  (4-27) 
 
Liu noticed that if we suppose that , ,i iB iSf z z  are solutions to the ODE system (4-26) 
with the boundary conditions (4-25), we can deduce that ii i
eh f
r
= −  is a solution of 
(4-27) with the same boundary  with the boundary conditions resulting from 
replacing 
,iB iSz z
if  by  in the boundary conditions. This is true because the 
boundary do not depend on any constant term in
ih
,iB iSz z if . 
Therefore we can see from the boundary conditions (4-25) that the undetermined  
in each equation does not affect the optimal boundaries selling  or buying . 













=∑ , the optimal value 
function V is also independent of . Therefore, we can set =0, and in the no-
transaction region we get 
id id
 
2 2 " 2 2 ' 2 '1 1 ( )( )
2 2i i i i i i i i i i
rs f s f s f rf i n
n
0, 1..βσ σ µ −− + − + = =  (4-28) 
 
From (4-25) we get a free-boundary problem because we have to compute afterwards 
the boundary. With the six boundary conditions (4-25) we have to find the 
unknown , , and the 2 integration constant of,iB iSz z iBA iSA if . We can deduce by a 
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heuristic minimization algorithm each optimal boundary of selling  or buying . 













c x y y rx f r yiγγ == + ∑  (4-29) 
 
4.5 Optimum investment and consumption with 
quadratic transaction costs 
 
 We will derive the optimal transfer rate and the optimal consumption rate in this 
section for the quadratic transaction function case. 
 
4.5.1 Hamilton-Jacobi- Bellman equation 
 
Like the CRRA case, we can formulate the dynamic programming principle to 




( , ( )) sup ( , ( ), )






V t z t J t z t u





= + +∫ +
 (4-30) 
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It is assumed that the optimal value function V is continuously differentiable . We 
use this dynamic programming principle [1], [6] and tend h to zero in (4-30) in order 
to obtain the classical Hamilton-Jacobi-Bellman equation as Fleming and Soner [3] 








1max{ ( ( ) )
2
( ( )) } 0
i
n





V VV y g x y
y y








∂ ∂− + + +∂ ∂
∂+ − − + − =∂
∑
∑
i  (4-31) 
 
Now we have to find the optimal control process which can maximize the value 
function V and suppose V exists over all the admissible control process c, g. 
4.5.2 Candidate optimal solution 
 In order to evaluate the maximum in the Bellman equation (4-31), we take the 
partial derivatives of the terms inside this maximum with respect to the rate of 
transaction g and the rate of consumption c, respectively, and set the partial 








y xg x y V
x
λ




And the optimal consumption is 
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log( / ) /VC
x
γ γ∂= − ∂  (4-33) 

































∂ ∂ ∂ ∂ ∂ ∂− + + + + −∂ ∂ ∂






4.5.3 Separability of the HJB equation 
 
In order to solve the HJB equation, we conjuncture that the form of the value function 












− −∑= −  (4-35) 
 
With the real function  :if ℜ→ℜ
We can derive the partial derivatives of V 
 












V r f V
y







∂ = − +∂
 (4-36) 
 
We introduce the variable is r yiγ= which represents the scaled amount of money in 
the stock. Then we can obtain the simplified HJB by substituting the value function 
(4-35) and its partial derivatives (4-36) into (4-34) 
thi
 
( )2'2 2 " ' 2 '
1












−− + − +
+ − =
∑  (4-37) 
 
And the transaction rate (4-32) becomes 
 





f sg s λ
−=  (4-38) 
 









c x y y rx f r yiγγ == + ∑  (4-39) 
 
Let’s rewrite this equation in the form of n ODEs for 1..i n=  
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If each ODE (4-40) and each corresponding initial conditions are separable in 
is r yiγ= , then the optimal transaction policy in each stock, will depend only on the 
total money in the stock. 
thi
thi
First we can notice that each ODE (4-40) is completely separable in the scaled amount 
of money in the stock is r yiγ= . When we want to integrate this HJB we consider x as 
independent variable, therefore we integrate the HJB with the variable i is r yγ=  at x 
constant like Davis and Norman [5]. 
We suppose that =0 and will explain later why. We can notice that to integrate this 
nonlinear ODE of second order we need two initial conditions. 
id
Let’s suppose that the initial conditions are separable in is r yiγ= . We can get one 
initial conditions by supposing that the transaction rate (4-38) is equal to zero  
 
' ( ) 1mi if s =  (4-41) 
 
on the scaled Merton proportion corresponding to the zero transaction cost problem 
(4-13) 






rs r y r
r
µγ γ γσ
−= =  (4-42) 
 
In the next section we will try to derive a solution in the form Taylor expansion for 
each ODE equation (4-40). 
 
4.5.4 Taylor expansion 
 
Let’s work for a given stock i and omit the index for the clarity of the understanding 
of the derivation. To solve each ODE (4-40) corresponding to a stock i, we can use a 
Taylor expansion at the order 2, in the form of 
 
2 22
0 1( ) ( ) ( ) (( )2m m
af s a a s s s s O s s= + − + − + − )m  (4-43) 
 
Because the transaction rate should be equal to zero on the Merton proportion, we can 
deduce from that the initial condition (4-41)  that =1. 1a
By introducing the variable ms sε = −  , the change of variable  
 
( )




s s s s O
ε ε
2ε ε ε ε
= + +
= + = + + +  (4-44) 
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gives us 
 









m m ms s a a s a
a a rr a r x
n
σ ε ε ε µ ε
ε βε ε γλ
+ + − + + + +




By omitting term higher than the order 2, we rearrange in term of same order and 
make the coefficient of each power of ε  separately equal to zero, in order the 
equation is satisfied for all values ofε . 






rs a s ra
n
0βσ µ −− + − + =  (4-46) 
 









r ra s s a
r nr r
µ β σσ
− −= + + +  (4-47) 










− −+ +  (4-48) 
  
is the value taken by f  when there is no transaction cost function (4-10) on the 
Merton proportion. 
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We identify the term of first order to be equal to zero 
 
[ ]2 22 2 21 [2 ( 1) 2 ] 1 02 m m ms a s a s a rσ µ− − + + − =  (4-49) 
 
Unfortunately we can not make the coefficient of first order exactly equal to zero but 




r a 0µ σ µ εσ
− + ≈  (4-50) 
 
This condition can be approximately satisfied for small value each term and also 
closed value to the Merton proportion 0ε ≈ . 
We identify the coefficient of second order in ε  equal to zero: 
 
2
2 2 2 2 2
2 2 2 2
1 [ 1 4 ]
2 2m m
a aa s a s a a r r xσ µ 0
4
γλ− − − + − + =  (4-51) 
 
This leads to the second order equation 
 
2 2 2 2 2
2 2( ) ( 2 3 )2 m
r x s a r a 0γ σ σ µ σλ − + − + − =  (4-52) 
 
We get two real solutions for 0∆ ≥ : 






















± − ± −=













( 2 3 )















∆ = − + + − σ
 (4-54) 
 
As we are working for small transaction cost constant to avoid a problem of 




22 22 2a m
r x r x
s r
γ γσλ λ σ µ< = = −  (4-55) 
And if 0aλ ≤ , the condition is satisfied for anyλ . 
 
To get real solutions, we have to impose the condition 
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( 2 3 ) ( 2 3 )2( ) 2( )
4 4m
r x r x
r rs r
γ γσλ σ µ σ µσ µσ
∆ = =− + − +− − −
2  (4-57) 
 
if 0λ∆ >  this condition (4-56) is satisfies for 
 
λ λ∆≤  (4-58) 
 
And if 0λ∆ ≤ , the condition is satisfied for anyλ . 
 
Finally, we can set down 
If  0λ∆ ≤ , 2λ∆ = +∞  
If  0λ∆ > , 2λ λ∆ ∆=  
And 
If  0aλ ≤ , 2aλ = +∞  
If  0aλ > , 2a aλ λ=  
 
Therefore the range of the transaction costλ is 
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 2 2[0,min( , )]aλ λ∆  (4-59) 
 
 
The coefficient should be negative for 2 intuitive reasons: First of all, the 





ag ελ=    and to maintain the position around the optimal 
position , we have to sell stock g<0 when we have too much stock ms 0ε > and we 
have to buy stock g>0 when we have not enough stock 0ε < . This is possible if is 
negative. Secondly the value function V should decrease in the presence transaction 
cost which is equivalent to the function 
2a
f decreases, compared to the case of no 
transaction cost function at the optimal position . By looking at the form of the 

































We can see that we need to keep the negative solution, in the case of the transaction 
rate constant tend to zero; we have the right asymptotic transaction rate deriving from 
the negative solution 






σ εγλ≈ −  (4-61) 
 
So finally, The Taylor expansion for small transaction rate constant of f  
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r ra s s a
r nr r
µ β σσ
− −= + + +  (4-64) 
 
As we expect the form of the Taylor expansion for each stock is completely separable 
in the scaled amount of money in the stock i is r yγ= . 
In contrast to Liu [12] in the linear case we did not get a free boundary problem. But 
an initial value problem where the derivatives of f at the initial point are ms
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represented by the coefficient of the Taylor expansion . The unknown 
parameter  can only affect the first order coefficient  










r ra s s a
r nr r
µ β σσ




but not the higher order.  and  are independent of  , therefore the approximate 










the optimal value function V and the consumption rate c is also independent of . 




4.5.5 Approximate solutions  
 
Let’s consider n stock in this section. We use the index i for the parameters 
corresponding to the  stock to evaluate the different optimal functions using the 
Taylor expansion in term of the amount of money in the  stock . 
thi
thi iy
First we can simplify the sum of function if  in term of  iy
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− −= +∑  (4-67) 
 
And the Merton proportion corresponding to the optimal proportion in case of no 










−=  (4-68) 
 






22 2 2 2
2
2 2









xr r r r
a xr r y
2 )yσ µ σ µ σ γ γλ
γ γ σλ






We have the approximate of the transaction rate for the  stock in term of  thi iy
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( ) ( )2( ) ( )
2
i
i i i i m
i
a
g r y y y rγ γλ= −  (4-70) 
 
If we compare to the case of no transaction cost function, the following term 
correspond to the quadratic cost function 
 
( ) ( ) ( ) ( ) ( )2 222 22 2
n
m m i
i i i i i ii
i
a
r y a y y r y yγγ σ γ m⎡ ⎤⎢ ⎥+ − + −⎢ ⎥⎣ ⎦
∑  (4-71) 
 
We get the approximate optimal consumption rate in term of  iy
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And the approximate optimal value function in term of  iy
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4.5.6 Computed solutions 
 
With the two initial conditions of the function f , completely separable in the scaled 









r rf s a s s
r nr r
µ β σσ
− −= = + + + a  (4-74) 
 
' ( ) 1mi if s =  (4-75) 
 
we can compute the solution of our 2nd order nonlinear ODE (4-26) using any solver 
for instance Matlab, to find the optimal strategy for a wider range a value ofε or 
equivalently to wider range of value holding in the stock y. Unfortunately we do not 
know the unknown to solve the ODE (4-26). We only know the solutions of (4-26) 






= −  with if  solution of (4-28) when . However the 
transaction rate (4-37) is independent of constant term. And from the form of the 
value function (4-35), the consumption rate (4-38) and with , we can notice 
that these function are also independent of . Then we can set up also  in the 











 In the following we will call computed solutions; the ones computed using a solver 
from the value function  












− −∑= −  (4-76) 
 
the transaction rate  
 





f sg s λ
−=  (4-77) 
 









c x y y rx f r yiγγ == + ∑  (4-78) 
 
4.6 Simulation Results 
 
Like the previous single CRRA case, we provide some simulations with the 
same parameters. Since the optimal strategy is separable from others stocks, we will 
focus our simulations on one stock for a better understanding and omit the index when 
there is one stock involved. 
 
0.1β =  time discount rate 
0.07r =  risk-free rate 
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µ =0.12 expected return 
0.4σ =  volatility  
0.1γ =  risk aversion coefficient 
x=100000 $ holding in the bond 
 
With this value we can deduce the scaled optimal amount of money in the stock 
corresponding to the case of no transaction cost function 
=0.3125ms  
Which equivalent to the optimal amount of money in the stock in Dollar 
corresponding to the case of no transaction cost function 
=4464my =  
We can calculate the following parameters from (4-55) and (4-57) 
224aλ =  
-324.6377λ∆ =  
Therefore transaction cost constant is well define for 
[0,min( , )]aλ λ∆  
or 
0 224λ≤ <  
We will take 0.1λ =  for the transaction cost constant in the following. 
In the CRRA case, the optimal transaction is measured in term of total proportion of 
wealth, Z. But for the CARA case the optimal transaction is measured naturally in 
term of total amount of money in the stock y. 
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In the following, the computed ones concern the solution found by integration 
of the HJB given some initial conditions in section 3.4.8and the approximate solutions 
concern the solution in Taylor expansion form found in section 3.4.7.  
 
From Figure 4-1 we can notice that the divergence from zero of the second 
order coefficient of the Taylor expansion (4-69) when the transaction cost constant 2a
λ  increases like the previous chapter. We can explain the decrease by the fact that the 
transaction cost leads to a decrease in the utility at the Merton proportion and 
therefore also a decrease in the corresponding function if   (4-47) compared to the 
case of no transaction cost represented by (4-48).  
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Figure 4-1 Second order coefficient versus the transaction cost constant2a λ  
 
We can notice this behavior in the Figure 4-2, where the coefficient of order 











− −+ + r
r
 which is equal to 0.85268 for our parameters. 
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Figure 4-2 Coefficient  versus the transaction cost constant0a λ  
 
Figure 4-3 illustrates that for small values of the transaction cost, we can satisfy our 
approximation in the first order condition (4-50) as it asymptotically takes small 
values. 
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Figure 4-3 First order condition versus the transaction cost constantλ  
 
4.6.1 Analysis of the optimal transaction rate 
 
4.6.1.1 Change in the transaction cost constant 
 
In the presence of quadratic transaction cost it is no more optimal to invest a fixed 
amount of money in stock as in the no-transaction cost function case . ( )i my
We derive before an approximate formula (4-70) for the rate of transaction 
which is correct only closed to the Merton proportion  ( )i my
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( ) ( )2( ) ( )
2
i
i i i i m
i
a
g r y y y rγ γλ= −  (4-79) 
 
We can see in the Figure 4-4 that the coefficient of the transaction rate is negative to 
maintain stable position around the Merton proportion as the CRRA case. 
 

























Figure 4-4 Approximate transaction rate coefficient versus the transaction cost 
constantλ . 
 
We can notice in Figure 4-5 that the approximate formula for the transaction 
rate converges to the computed one for value of the amount of money in the stock y 
closer to the optimal Merton proportion for different transaction cost constantsλ . We 
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can notice as the transaction cost increases the computed curve diverges from the 
approximate one because the second order coefficient increases and then the error 
on the condition (4-50) is higher. The transaction costs decreases the optimal 
transaction rate globally as it is more costly to rebalance the holding in the bond and 
stock like in the previous CRRA single case. 
2a
 



























Figure 4-5 Comparison of the approximate formula and computed one of the 
transaction rate versus the holding in the Stock y for different transaction cost 
constantsλ . 
 
4.6.1.2 Change in the Volatility 
 
We can see in Figure 4-6 a comparison of the approximate formula and computed one 
of the transaction rate as a function of the holding in the stock for different 
volatilityσ . As the volatility increases, the optimal strategy is to increase the 
  102 
transaction rate like the previous chapter. Consequently the investors have to transact 



































Figure 4-6 Comparison of the approximate formula and computed one of the 
transaction rate versus the holding in the Stock y for different volatility σ  
 
4.6.1.3 Changes in risk aversion 
 
We can see in Figure 4-7 that the approximate formula for the rate of transaction 
converges to the computed one for value of the holding in the stock y closer to the 
optimal Merton proportion for different absolute risk aversion coefficientγ .  We can 
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notice that the Merton proportion, corresponding to a transaction rate equal to zero, 
decreases as the investors become more risk averse like the previous CRRA case. 




























Figure 4-7 Comparison of the approximate formula and computed one of the 
transaction rate versus the holding in the Stock y for different absolute risk aversion 
coefficientsγ . 
 
4.6.1.4 Change in the expected return of the stock 
 
We can see in Figure 4-8 a comparison of the approximate formula and computed one 
of the transaction rate as a function of the holding in the stock for different expected 
returnsµ . As the expected return of the stock increases, the investor will invest more 
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in the stock then the optimal Merton proportion corresponding to transaction rate 
equal to zero, will increases too.  
my































Figure 4-8 Comparison of the approximate formula and the computed one of the 
transaction rate versus the holding in the Stock y for different expected returnsµ . 
 
4.6.2 Optimal Value Function 
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Figure 4-9 Comparison of the approximate formula and the computed one of the 
Optimal value function versus the holding in the stock for different transaction cost 
rate constants. 
 
We can notice in Figure 4-9 that with the increase in transaction cost rate constantλ , 
the optimal value function decreases like the previous CRRA case. The optimal value 
function looks like the one for the pseudo no transaction case (4-10). We called it the 











− + −∑= −  
because the value function formula is only true at the Merton proportion . However 
we extend it to different holding in stock y, by replacing the total wealth W by x+y in 
order to use it as a reference for comparison with the quadratic transaction case. We 
used for our simulation a certain amount money in the bond, we suppose that we get 
my
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100000$ of money in the bond in our simulation knowing that the optimal holding in 
a stock for our parameters is =4464my = $. 
 
4.6.3  Optimal Consumption Rate 
 
Contrary to the CRRA case [7], with a CARA utility the optimal proportion in the 
stock is completely independent of total of money in the bond. From the equation 
(4-72) the optimal consumption rate is linear in the holding in the bond. Therefore we 
can use for our simulation a certain amount money in the bond, we suppose that we 
get 100000$ of money in the bond in our simulation. Figure 4-10 illustrates that the 
consumption rate is proportional to the holding of the Stock, y, like the one 
corresponding to the pseudo no-transaction function case. We called it the pseudo no 
transaction cost because the optimal consumption rate formula (4-14) is true only at 
the Merton proportion , but we extend it to different proportion of y, by replacing 
the total wealth W by x+y in order to use it as a reference for comparison with the 







C r x y α
−
= + +∑  
 Figure 4-10 shows that optimal consumption rate globally decreases with the 
increase in transaction cost, and the effect is not negligible contrary to the linear 
transaction rate case [4] with a power utility function which is in the form of C=kx 
with k=0.2875..0.27 for transaction cost constant varying from 0 to 0.2. 
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Quadratic transaction costs affects the consumption rates by two main ways which we 
cannot evaluate which one dominate as in the linear transaction cost case [4]. First by 
a substitution effect, the transaction fees make the current consumption less costly in 
term of transaction fees than future consumption and consequently shift the 
consumption to earlier period. Second, by an income effect, transaction fees decrease 
the optimal consumption rate, C. From the Figure 4-10 we notice that the approximate 
consumption rate follows the computed one. 
 






























Figure 4-10 Comparison of the approximate formula and the computed one of the 
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Like the single CRRA case, we proposed a new approach to solve the optimal 
investment and consumption problem in feedback form with transaction costs using 
stochastic optimal control theory for the multi-asset case with a quadratic transaction 
rate function.  
More precisely, by considering multiple uncorrelated risky assets and 
exponentional utility with quadratic transactions costs over infinite time, we could 
obtain the separability of optimal transactions on each asset and consumption. The  
initial multi-dimensional problem can be split into a set of one dimensional problems 
characterized by second order nonlinear ordinary differential equations (ODEs). We 
use the same technique like the CRRA case to solve each HJB equation and obtain 
some similar results. 
 
 





In this thesis, we employed a new approach to solve the optimal investment and 
consumption problem in feedback form. We introduced a quadratic transaction rate 
function, which takes account of the liquidity of the bond and stock on portfolio 
optimization, as well as enables us to derive continuous optimal feedback controls as 
a function of the derivatives of the value function from the Hamilton-Jacobi Bellman 
equation under simple assumptions. Intuitively, a large amount of asset can only be 
traded in short time through a large price discount, leading to a large wealth loss. We 
considered the case with one asset and one bond with the power utility. We solved in 
this thesis the more plausible power utility case with one bond and one asset and the 
multi-asset case with exponential utility. 
To solve each intricate HJB equation we used a natural change of variable and a 
Taylor expansion around the Merton proportion. This technique led us to some 
conditions: we rearrange in term of same order and make the coefficient of each 
power separately equal to zero, in order that the equation is satisfied locally. Finally 
we obtained a local approximate optimal strategy in the form of Taylor expansion. In 
  110 
contrast to Janecek and Shreve [15], we do not assume any form on the Taylor 
expansion. Moreover this Taylor expansion enables us to obtain a second precious 
initial condition to integrate directly numerically the HJB equation over a wider area.  
We provided some simulations results that describe the impact of transaction cost, 
the impact of volatility, the risk aversion of the investor, and the change in the 
expected return of the stock. We computed the optimal transaction rate, value 
function, and consumption rate for our problem. We also quantified our 
approximations and compared the local and global solutions. 
We found some common similarities with the previous case of no transaction and 
linear transaction cost rate function, which can corroborate our approach. The 
transaction costs broaden the no transaction region and decrease slightly the 
consumption rate in the same way. Compared with existing results we could obtain 





5.2 Future work 
Beginning with Merton [2], [7], [8] with the no transaction case, followed by 
Constantinides [4] with linear case, the quadratic transaction case opens the way to 
number of applications in the investment-consumption problem.   
  111 
An extension of this thesis can be done in finite time, it will contain another 
time parameter in the HJB equation as in the case of no transaction cost, [2], [7], [8] 
or with linear transaction costs [9]. We can also include the case of bankruptcy [27] or 
combine quadratic transaction cost with fixed cost [9]. We can also try to extend this 
study with a more plausible power utility to a multi-asset case, by following the work 
in the multi-asset without transaction costs [24].   
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Theorem Hamilton-Jacobi-Bellman equation 
 
Under these two main assumptions: 
1. There exists an optimal control process . uˆ
2. The optimal value function V  is regular or continuously differentiable 2V C∈ : 
We have 









u U i ii i
V x t V x tV x t V x t L x t u t
x x
β β µ µ σ
∈ = =
⎧ ⎫∂ ∂− + − + + +⎨ ⎬∂ ∂⎩ ⎭∑ ∑
 x(t) n
=
R∀ ∈  
 
2.  x(t) nR∀ ∈ , the supremum in the Hamilton-Jacobi-Bellman equation above 
are attained by u=  ˆ( ( ))u x t
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Proof: 
The interested reader is referred to [3] for a complete and rigorous proof or [13] for a 
more intuitive proof. 
 
We define a temporary value function which depends on the initial state x(a) at time t 
= a with L the utility function: 
( , ( ), ) ( ( ), ( , ( ))) t
a
J a x a u L x t u t x t e dtβ
+∞
−= ∫  
The optimal value function using the control law over the time interval [a,∞) is 
defined as 
( )( , ( )) sup ( , ( ),
u U
V a x a J a x a u
∈
=  
By changing the integral variable t by a + s,  can be expressed as ( , ( ), )J a x a u
( ) ( )
( ) ( )
( , ( ), ) (0, (0), )a
u s u a s
x s x a s




% %  
Then we can find that   has the property ( , ( ))V a x a
( )( , ( )) sup (0, (0), ( ( ))a a
u U




% %  
We consider the Stochastic Differential Equation in terms of vectors of dimension n, 






⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟⎝ ⎠
M
1 1
( , , ( , )) ( , , ( , ))
( , , ) ( , , ) 0 0
0 0
( , , ) 0 0 ( , , )
t t t t t
t t
n t n t n
dX t X u t X dt t X u t X dz
t X u t X u dz
dt
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ds
]ds
Suppose that there exists an optimal control process  and the optimal value 
function V is continuously differentiable. For t ≥ 0 and h ≥ 0, we take an arbitrary 
control process u over time [t, t + h) and the optimal control process  over time [t + 
h,∞). In this case, the control low u* is 
uˆ
uˆ
( , ),( , ) [ , ] ,
* ( , )
ˆ( , ),( , ) ( , ] ,
n
n
u s y s y t t h R arbitrary
u s y
u s y s y t h R optimal
⎧ ∈ + ×= ⎨ ∈ + +∞ ×⎩
 
It means we use an arbitrary admissible control process over the first part[ , and 
the utility over this interval is . After we use the optimal 
control process during the rest of the time period and the payoff over this period given 
the fact that we are at this time in the state x(t+h) a time t+h 
is . 
]t t h+





E L x s u s e β
+
−∫









So the total payoff over the period is 
, ( )( , ( ), *) [ ( ( ), ( ))







J t x t u E L x s u s e ds













We write L x  for L conditional on the information set x.  
According to the Law of Iterated Expectation, [13] , If 2x contains at least as much as 
information as 1x  we get 
1 2( ) ( ( )E L x E E L x x= 1)  
In particular if ( )x t  contain the price information. It means that the expectation of L 
conditional 1( ( )E L x t )  on all available information available at time t  coincide with the 
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conditional expectation at time t of the expectation at time t+h of L, 





( , ( ), *) [ ( ( ), ( ))
ˆ[ ( ( ), ( )) ( )] ( )]











J t x t u E L x s u s e ds
E L x s u s e ds x t h x t



















Since is the optimal value function for the process with 
initial state x(t) at time t, we can have by substituting the former expression: 
(( , ( )) sup ( , ( ), )
u U





( , ( )) sup ( , ( ), ) ( , ( ), *)






V t x t J t x t u J t x t u





= +∫ )]+ +  
Then 





E V t h x t h V t x t L x s u s e dsβ
+
−+ + − + ≤∫  
When h tend to zero, we can convert it in differential form using Taylor‘s expansion 





( , ( ))
1( , ( )) ( )
2
n n
i i j i
i ii i j i
V t h x t h
V V V V VV t x t h dx dx dx hdx h
t x x x x t t= =
+ + =
∂ ∂ ∂ ∂ ∂+ + + + +∂ ∂ ∂ ∂ ∂ ∂ ∂∑ ∑
2  
And we know that 
2
i j i j i j i j i j j j i idx dx dt dz dz dtdz dtdzµ µ σ σ µσ µ σ= + + +  
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]
By neglecting the term higher than one in dt and considering independent wiener 
process we get the rule: 
2 20; 0; ;i idt dz dt dz dt= = =  
Moreover as we suppose the wiener process is uncorrelated we get 
, , ,[ ] [ ] [t x i j t x i t x jE dz dz E dz E dz=  
by definition of the wiener process , [ ] 0t x iE dz =   




, ( ) 2
1 1 1





t x t i i i i
i i ii i i
E V t h x t h V t x t
V V V VE h
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∂ =∂∑ 0  
2
2




( ( ), ( )) ] 0
n n
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We divide by h: 
2
2




1 ( ( ), ( )) ] 0
n n



















If we let h tend to zero, knowing that we know that we are in the state x(t) so the 















∂ ∂ ∂+ + +∂ ∂ ∂∑ ∑ ≤  
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But  ( , ( )) (0, ( )) ( ( ))t tV t x t e V x t e V x tβ β− −= =
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( ( )) 1 ( ( ))( ( ))
2




V x t V x tV x t
x x
L x t u t
β µ σ
= =
∂ ∂− + +∂ ∂
+ ≤
∑ ∑  
This inequality is valid for any choice of admissible control law u over time [t, t + h), 
and the equality holds if and only if the control process u over time [t, t + h) is 
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